ABSTRACT. S. Ruziewicz and W. Sierpiński proved that each function f : R → R can be represented as a superposition of two measurable functions. Here, a strengthening of this theorem is given. The properties of Lusin set and microscopic Hamel bases are considered.
In the third part, the Lusin set and Hamel basis in the context of microscopic sets are considered.
Superposition of functions
In 1933, S. R u z i e w i c z and W. S i e r p iń s k i proved that for each function f : R → R there exist two Lebesgue measurable functions g and h such that f = g • h (compare [9] ).
Observe that an analogous theorem also holds if we replace measurable functions with functions having the Baire property, i.e., measurable with respect to the σ-algebra of sets having the Baire property. In 1935, W. S i e r p iń s k i proved (compare [11] or [12, p. 243-247] ) that for each function f : R → R, there exist two functions g and h which are pointwise discontinued (i.e., the sets of continuity points of g and h are dense in R) and such that f = g • h.
Let C(g) and C(h) denote the sets of continuity points of g and h, respectively. Clearly, the sets C(g) and C(h) are dense and of type G δ , so are residual. Consequently, there exist two sets P 1 and P 2 of the first category such that C(g) = R \ P 1 and C(h) = R \ P 2 . Clearly, the functions g |(R\P 1 ) and h |(R\P 2 ) are continuous, which is equivalent to the fact (see [8, Theorem 8.1] ) that g and h have the Baire property. Finally, for each function f : R → R there exist two functions g and h having the Baire property such that f = g • h.
In both cases, the measurability with respect to the σ-algebra generated by Borel sets and the σ-ideal of nullsets or the σ-ideal of sets of the first category was considered, respectively. Now, we will prove that, in our case, for the σ-ideal of microscopic sets on the real line, an analogous theorem is also valid. Put B M := {B M : B ∈ B and M ∈ M}, where B denotes a family of Borel sets on the real line. As it was observed earlier (see [3, Theorem 20.8] ), B M is a proper subfamily of the family L of all Lebesgue measurable subsets of R, i.e., B M L.
For our purpose, we need an auxiliary lemma.
If there exists a microscopic set M such that the restriction of f to R\M is continuous, then f is measurable with respect to B M.
The converse theorem does not hold. Let A be a set of type F σ such that A and R \ A have a positive measure on each interval (see [8, p. 37] P r o o f. Let us consider a function ϕ defined as follows [11] ), where [nx] denotes the integer part of nx. The function ϕ is increasing (so pointwise discontinuous) and discontinuous for each rational number. Hence, the set E = ϕ(R) is nowhere dense. From [4, Theorem 3] , there exists an automorphism h 1 on the real line such that h 1 (E) is a microscopic nowhere dense set.
is a homeomorphism and ϕ is an increasing function, so h −1 ((−∞, a)) is a half-line (closed or open). Consequently, h is measurable with respect to B M.
Now, we define a function g : R → R as follows:
In this case, we put g(y) = f (x);
2. if y ∈ h 1 (E), then we put g(y) = 0.
As g |(R\h 1 (E)) is continuous and h 1 (E) ∈ M, using Lemma 2, we obtain that g is measurable with respect to B M.
As B M L, the previous Theorem 3 is a strengthening of the result of S. R u z i e w i c z and W. S i e r p iń s k i from [9] .
The extended Principle of Duality
In 1934, W. S i e r p iń s k i proved (assuming CH) that there exists a bijection f : R → R such that f (E) is a nullset if and only if E is of the first category. In 1943, P. E r dő s showed that a stronger version of this theorem is also valid. He proved (assuming CH) that there exists a bijection f : R → R such that f = f −1 and f (E) is a nullset if and only if E is a set of the first category. From Erdős's result, a theorem known as Duality Principle follows. ([8, Theorem 19 .4])º Let P be any proposition solely involving notions of measure zero, first category, and notions of pure set theory. Let P * be the proposition obtained from P by interchanging the terms "nullset" and "set of first category" whenever they appear. Then, each of the propositions P and P * implies the other, assuming the continuum hypothesis.
Ù Ð ØÝ ÈÖ Ò ÔÐ
In [5] , authors proved that the theorem analogous to Sierpiński-Erdős Duality Theorem for the families of microscopic sets and sets of the first category on the real line is valid. Assuming CH, it is showed ([5, Theorem 2.12]) that there exists a one-to-one mapping f of the real line onto itself such that f = f −1 , and f (E) is a microscopic set if and only if E is a set of the first category.
Observe that the extended Principle of Duality, including measurability with respect to B M and the property of Baire as dual notions, is not true. Such possibility for measurability in the sense of Lebesgue and the Baire property was considered by E. S z p i l r a j n in [15] (see also [8, p. 82] ). The proof, in our case, is analogous with necessary changes.
For A ⊂ R, letĀ denote the closure of A in the Euclidean topology on the real line.
Ì ÓÖ Ñ 4º
There is no bijection f : R → R such that for an arbitrary set E ⊂ R, the following conditions are fulfilled: 
Such interval exists, as
is a microscopic set, hence of Lebesgue measure zero. Consequently,
and for each i ∈ N there exists j i ∈ N such that for the interval
ON SOME PROBLEM OF SIERPIŃSKI AND RUZIEWICZ...
AsḠ \ G is nowhere dense, f (Ḡ \ G) is microscopic, so also of Lebesgue measure zero. Consequently, using (1), we obtain
which is a contradiction.
Lusin set and Hamel basis
In this part, we will prove that the image of Lusin set under arbitrary continuous function is microscopic. Recall that an uncountable set A ⊂ R is called a Lusin set if it has a countable intersection with every set of the first category. The construction of such a set using continuum hypothesis was given independently by N. L u s i n (1914) and P. 
where A ∩ B = ∅, A is of the first category and f (B) is a nullset. By a slight modification of the above mentioned construction, we obtain the following
Ä ÑÑ 5º Let E ⊂ R be an arbitrary set and let f : E → R be an arbitrary continuous function. The set E can be represented as the union of two disjoint sets A and B such that A is of the first category and f (B) is a microscopic set.

P r o o f. If E is finite, the lemma is obvious (we can put A = E and B = ∅).
Assume that E is infinite. Let {p k } k∈N be a sequence of points of E, dense in E. Let n ∈ N. By the continuity of f , for each k ∈ N, there exists a positive number δ n k such that
Obviously, E = A ∪ B and A ∩ B = ∅.
On the other hand,
does not contain any point of E n . Simultaneously, (y − η, y + η) ⊂Ē n , so, in each subinterval of the interval (y − η, y + η), a point of E n can be found-a contradiction. Finally, intĒ n = ∅, so E n is nowhere dense for n ∈ N and, consequently, A is of the first category. Now, we will prove that f (B) is microscopic. We have
Hence,
The next theorem is a strengthening of the result obtained by W. S i e r p iń -s k i ( [10] The ( * ) property is a topological analogue of the saturated non-measurability ( [7] or [6, p. 56] ).
For our purpose, we will use the following class of sets introduced by R. G e r and M. K u c z m a in [2] (see also [6 
